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1 Introduction and Summary

The proportional hazards model of Cox (1972'j specifies that the hazard rate for an
individual with covariate vector x is

A(t z) = A(t) exp(30x) (1.1)

where 30 is a vector of unknown regression coeff.cients and A, the underlying baseline
hazard rate, is an unknown and unspecified nonnegative function. In most cases
where this model is used, interest centers on the estimation of 30. However, it is
often also very useful to investigate the effect of the covariates on the median (or
some other fixed quantile) of the survival time. Let -p(x) be the pth quantile of the
distribution of the lifelength of an individual with covariate vector x.

A first attempt to estimate cp(z) proceeds as follows. Let A(tlz) and S(tlx) be the
cumulative hazarct Iuiction and the survival function, respectively, associated with
A(tjx). and let A(t) be the cumulative hazard function associated with A. We then
h ave

A(t j) = A(t) exp(0x'x). (1.2)

Using the continuity implied by (1.1) we may write

S(tlx) = exp(-A(t) expQ3'x)), (1.3)

and solving the equation S(tIx) = 1 - p we obtain

p(x) = A ([- log(i - p)] exp(-3?0x)). (1.4)

The natural estimate for the right side of (1.4) is

P(x) = -'([-log(l - p) exp(- 3 'x)), (1.5)

.here 3 is Cox's (1972) maximum partial likelihood estimate of 3 and ' is the
usual "Nelson-Aalen" type estimator of A (see equation (2.4) of Section 2). (in (1.4).
(1.5). and throughout the paper. for an arbitrary increasing function . denotes
the right continuous inverse of f defined by f-() = sup{s f(s) < See Cox
and Oakes (1914. pp. l0S), Miller and Halpern (19S3)., and Dabrowska and Djksum
(19S7). See also Tsiatis (19S1) for the related problem of estimating S(tjx).

A second approach is to note that for an arbitrary cumulative hazard function
H. the survival finction co-emponding to T is the product integral

S(t) = I(1 - H(ds)), (1.6)
I<t

(see Gill and Johansen (19S9) or Kalbfleisch and Prentice (19S0. sec. .2.3)) and that

the p'h quantile of - S is (1 - S)-(p). For the case of the hazard function A(tz)
g-%enb (1..., this MVes

,,Ox) = sups - l(1-.(du)exp(3'x)) _ (1.7)

1<



Substituting A for A and 4 for 30, we obtain

P(x) = sup{s:1 - rI(1 - A(du)exp(C'x)) _p}. (1.8)
uis

The estimate (1.8) has sounder theoretical basis than does (1.5). Let 'H be the space

of all cumulative hazard functions and R?. be the real line. The function mapping an
arbitrary point (A,0) E 'H x 1Z into p(x) is (1.7) not (1.4), since (1.4) is valid only
if A is continuous.

Before settling on p(z) there is a slightly subtle point that needs to be raised.
The estimator P(X) was obtained under the assumption that the Cox model is given
by (1.2). However, there is another way to specify the model, namely

S(tlx) = S(t)-P(0z), (1.9)

where S(t) is a baseline survival function. In general, the models (1.2) and (1.9)
are different, although they agree if S (or A) is continuous. Because the estimates
of A and of fi0 give rise to discrete distributions, it is important to decide on the
appropriate specification of the Cox model in general. We note that if continuous
survival times T1,..., T, arising from the Cox model are recorded in a discrete way
(e.g. the survival times are recorded in days), then the resultant survival times do
not follow (1.2) but do follow (1.9) (see Kalbfleisch and Prentice (1980, sec. 4.6)).
So we take (1.9) as the specification of the Cox model in general. An elementary
calculation yields that in this setup, the cumulative hazard for an individual with
covariate x satisfies

1 - A(dtlx) = (1 - A(dt)) p (
jx) (1.10)

where A corresponds to the S of (1.9) via (1.6), or equivalently

A(t) = _ f dS(s) (1.11)
J[o,t] S(s-)

The estimate

,(x) = sup{s 1- r(1 - .(du)) " P( 'x) < p} (1.12)
u<a

is obtained by substituting A for A and 4 for f0 (other estimates of A can be used;
see for example tKalbfieisch and Prentice (1980, sec. 4.3). Our Monte Carlo studies

reported in Section 4 show that in terms of mean squared error, ,P(x) is slightly
better than P(x) and that each of these noticeably outperforms ,(x). The three
estimates ,p(x), -(x). and ;(x) all iavc the same first order asymptotics.

Dabrowska and Doksum (19S7) considered estimation of ,(x). They studied the
estimator p(x) (more precisely, the estimate (1.5) with Breslow's (1972, 1974) esti-
mate of A instead -f)r A) cnr r, ined thP qvmfltrnt;r 7 f / -

as a process in p, from which they constructed asymptotic confidence intervals for
(z). They also provide information on the efficiency of the semiparametric estima-

tor -j(x) vs. the optimal estimator in certain parametric models.
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In this paper we expand on the work of Dabrowska and Doksum, and develop con-
fidence bands for the function ,(x) as x varies. We propose two types of confidence
bands (more properly, confidence octs). One type we refer to as "simulated-process
b -ns"; the other is based on the bootstrap. The development of the simulated-
process bands is based on weak convergence results of the following type. Let p be
fixed and let z vary over a set K. Then, as n - o,

v/'n(p(z) - p(x)) - Vp(x) in distribution (1.13)

where VP is a Gaussian process defined on K. Since x is multidimensional, this result
involves weak convergence of multiparameter stochastic processes. (A more precise
version of this result appears as Part (i) of Corollary 2.1 below). To use a result such
as (1.13) to construct confidence bands for p(x), we need to obtain the distribution
of supEK lVp(x)l. This is in general quite impossible, as is explained in Section 2.

One strategy is to give the process VP a representation that makes possible a
simple way to simulate the distribution of supZEK IV(x)j on a computer. (In fact,
the covariance structure of 14 depends on unknown parameters. The representation
makes it possible to simulate the distribution of supIEK j4(x)j, where the covariance
structure of Vp is a consistent estimate of the covariance structure of V1.) We simulate
many copies of supXEK iVf'(x)I and use them to obtain the required critical constants.

The construction of the bootstrap bands follows Hjort (1985a) and is straightfor-
ward. Below we give a sketch of it in the case of no censoring; a detailed description
is given in Section 2.3. The Cox model (1.9) has two unknown parameters, S and 30.
We estimate those by S and ,, where S is defined by ._(t) = f< (1 - A(ds)). For
individual i, we generate an artificial lifelength from the estimated model (1.9), i.e.

generate a lifelength from the survival function (S(t))x(YZ.). From these artificial
lifelengths we calculate the function ;(z), X E K and form \/'f( p(z) - p(z)), x E K.

The bootstrap principle is that if (S, ) is close to (S, Oo), then the distribution of
SUpREK v'nTh(x) - p(x)j is close to that of sup.EK %/' Ip(x) - p(x)I. Thus, the re-
quired critical constants are obtained from the large number of copies of
sup.E\ V'.i1;(x) -

Actually, we discuss several kinds of simulated-process bands and compare these
and the bootstrap bands in terms of width and coverage probability in Monte Carlo
studies. We provide theorems which state that both the simulated-process type bands
and the bootstrap bands have asymptotically correct coverage probabilities.

This paper is organized as follows. Section 2 gives staLemcnts of the main theo-
retical results of the paper, and describes in detail our approach to constructing the
simulated-process and the bootstrap bands, and "equal-precision" versions thereof
analogous to the equal-precision bands developed by Nair (19S4) and Hjort (19S5b)
in differei t contexts. Section 3 gives technical details on how the bands were formed

n p1c- do tails oil iow the computations were cdiiacc out. SettLiun 4 i.po, ts NloiiLe
Carlo studies that compare all the bands. Perhaps surprisingly, these studies indi-
cate that the simulated-process bands perform very well both in terms of width of the
bands and in terms of coverage probability, even for moderate sample sizes. Section 4
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also reports Monte Carlo studies that compare the three estimators c ( (z) and

SP(x). Section 5 illustrates the various bands on the Stanford Heart Transplant Data.

The Appendix provides proofs of the results stated in Section 2.

There are numerous examples of situations where one can establish weak conver-
gence to a process whose distribution is intractable, and also depends on unknown
parameters. In many cases one can, by a suitable transformation, reformulate the
weak convergence result in such a way that the distribution of the limiting process is
more tractable, and does not depend on unknown parameters. For example Efron's
(1967) and Hall and Wellner's (1990) transformation of the Kaplan-Meier curve yield
weak convergence to a Brownian Motion and a Brownian Bridge, respectively, and
Nair's (19S4) and Hjort's (1985b) rescaling transformations of the IKaplan-Meier curve
and the Nelson-Aalen estiunator, respectively, result in a weak convergence to a time
transformed Omstein-Uhlenbeck process. In more complicated situations (e.g. the

Kaplan-Meier quantile process or the process (.) in the Cox model) such transfor-
mations are not available. We hope that the technique of using the simulated process

will prove useful in these situations.

2 Notation and Theoretical Results

2.1 Notation and Basic Results

We consider a study involving n individuals where for individual i. X is a q-dimensional
vector of covariates, 1 is a lifetime, and Cj is a censoring time. We observe (T, &;, .,),

'here T, = nin(Y', Cj) and 6i = I(Y, < C), I(.4) being the indicator function of the
set A. Define the counting processes

Ni(t) = I(T, _ t; & = 1) t > 0 (2.1)

and the processes

Y,(t) = I(T > t) t > 0. (2.2)

In this notation, conditional on Xi= x, i = 1. n. the partial likelihood of 3o at
time 7' is time isL(3.7) , ( exp(3'- ' .(u) (2.3)

uE[O, Z IMelO

The maximum partial likelihood estimator of '30 at time r is the value = 3(r) of 3
that maximizes L(3, -). In practice, of course, one uses the value of 3 that maximizes
the paruLal likelihood at time oc: see the discussion in Section 4 of Andersen and Gill
(19S2) (henceforth AG). The "Nelson-Aalen" estimator of A is

The estimator Mt) increases only by jumps, which occur at the uncensored deaths.
If we lincariy interpolate .A(t) we obtain A,(t), Breslow's (1972.1974' estimator of A

4



We remark that if 3o is known to be 0, i.e. it is known tb t there is no covariate

effect, and if there is no censor:ng, then the distribution corresponding to A(t) is the

usual empirical distribution function. This is not the case for .C(t).

The notation below follows closely that of AG, on whose results we rely heavily.

For a q-vector w = (wl,... wq), w®2 denotes the q x q matrix whose (i,J)th entry

is wiw i. Define

S<0Z(i3,t) = J(t) exp(.'x I),

1 n

SO)'3t) = - Zx IJ,(t) exp (,3'x 1),
n

P,,0 = X, JI(t) ep(O',x), (2.5)
n 1=

EQ,) = S (,t)

and VCBt) =s( 2 '(, t)_

ane au t S(2)(13, t) (E(3, t)) (&®2

We assume that the vector (NI.... .7Vn) forms a counting process with respect to

some filtration (.Ft, t > 0). (This is the case for example if the 1's are independent,

and at time t it can be determined whether or not censoring has taken place, i.e.

censoring is predictable; this does not require the Ci's to be independent). A good

heuristic treatment of the concepts involved here is Gill (1984).

Fix p(') E (0, 1) and let K be a bounded rectangle in 7Zq. Define

- sup{p(z);p E [0, p')],x E A7}. (2.6)

Assume that for some e > 0, A is continuous and positive on [0, 7 + c] and :.ssume

Conditions A-D of AG(1982) with the interval [0, 7 +,E] in place of [0. 1]. Condition B

states that there exist scalar, vector, and matrix functions s(). s(i, and s(2), respec-

tivelv. of 3 and t. to which S(°), S ), and S (2) converge uniformly over a neighborhood

of 30 and over [0, 7 + E]. Let

e(,'t) = S(o)(Pt) and v(, t) = s(0) (,t) (,)). (2.7)

Then e is a q-vector and v is a matrix. Define E = E(r) by

= f ,3o, f),( 0 )(3o, t)d.(t) (2.S)

and assume that E is positive definite. Also define

a(t)= (s(O)(3o, u))-'dA(u) and b(t)= e( 3 o, u)dA(u). (2)
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Note that b(t) is a q-vector. For R a bounded closed rectangle in R-'. C R) viI]
denote the space of real valued continuous functions defined on 1R with the sup norm
Opology.

Theorems 1, 2, and 3 below concern, essentially, the limiting distributions of the
processes N/W((-) - p(x)), v'-(p(x) - p(x)), and ./( p(x) - :c(z)) and of some

of their relatives as (p, x) ranges over [0,p(')] x K. These involve the space Cq+i =

Cq+l([0,pM] x K). Corollary 2.1 concerns the limiting distribution of these processes
when p is fixed and x is scalar and involves the familiar space C -C(K). For
technical reasons, we find it necessary to work with C,(R) instead of the "Skorohod
space" D,(R) (see the Appendix).

Let (S(.Ix))l be the function obtained by linearly interpolating S(.x), and let

'(x) be obtained by solving for t in the equation (S(tiz))' = 1 - p. This (z)

is continuous. Details on the exact definition of 4(z) appear in Section 4. Here,
we simply note that all the estimators are asymptotically equivalent uniformly in
p E [0, p(l)J, x E K; this is made clear in the proof of Theorem 1. We shall use p(z)
to refer to either 4(z) or (x) except in the exact statements of the theorems and
in the proofs in the Appendix.

In the results below, W(.) denotes a standard Brownian Motion on [0, oc) and
Z a q-dimensional random vector that is normally distributed with mean 0 and
identity as covariance matrix, and is independent of TV(.). We use the notation

d
- log(1 - p); also, -k denotes convergence in distribution, and .- * denotes

convergence in probability.

Theorem 1 Under the assumptions stated above, as n ---

n ( ; )- (X)) d V(p,x)

iC,± f~() x K), where

(a( (x)) (bP()± ex(3x)Z 1

Theorem 1 indicates that the variance of V(p, z) is

a(,( x))) I ( 3

(b,()) ' (,xxD 0x) - xD ,z

9 2 ( , ) ( W X ) ) 2 A ( ( ) ) ( ( )

(2.10)
From (2.10) we see that to estimate up, z) we need to estimate the functions a(.), b(.)
and the matrix Z: in addition, we shall need to estimate A(-). For ai .). b(.) and E.
we introduce the natural estimates

a(t) = (S(O)(3 u))-'dA().

jE(3. OdA%(u) (2.11)
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and t = j0 V( 3, )s(°)(3, t)dA(t).

The estimation of A is somewhat more diffcult. Possibilities include methods based
on splines (WVhittemore and Keller, 19S6) and those based on kernel smoothers. Ker-
nel smoothers are computationally convenient, and in addition their asymptotic prop-
erties in the present context have already been studied by Ramlau-Hansen (19S3).
To describe them, let R be a function of bounded variation with support on [-1, 1],
and whose integral is 1, and let {b,} be a sequence of positive constants such that as
n -* c, we have b, , 0 and nb2 -o. Define the kernel estimate of A(.) by

(t) = J R( )d(s). (2.12)

The specific choices of R and {b,} are discussed, in the context of ordinary density
estimation, in Silverman (1936. pp. 40-72). See our discussion in Section 4. Having
specified a choice of R and {b,} we may define an estimate &(px) of o(px) by
substituting in (2.10) , and A(.) for a(.),b(.),7. r(x),3, and A(.),
respectively. The following lemma gives uniform consistency of this estimator.

Lemma 2.1 rder the conditions stated above, a n --* o

(i) sup0<<,+, I&(t) - a(t)l pr. 0

(ii) supO<t<7 +f Ib(t) - b(t)l p-- 0
P7*.(iii) i -*
"

(v) for any 77 > 0,
sup<,<, 1 (t) - A(01 P--- 0

(vi) for any p(O) > 0,

SUPPE[,(o),P(')l.XEK I&(p,X) - o(p,Z)I pr. 0

(vii) Let Zic and bc be given by (2. 11), except t7 7 . is replaced by the version of
A obtained by linearly interpolating A. Then _.c conclusion of Part (vi) is still
true for the version &c(p,x) of &(p z) obtained by using &c. V and "'(x) instead

of &b and P(X).

Suppose that we were able to obtain co, the (1 - a)"' quantile of the distribution of
SUpT)y0,P(TJ.K 1"IV(p! Z)I. We would then have

in P )_ )_ (x)+ for all pE ,p Ix E - a.

;.e. a ,'1 - cx) x 100% asymptotic confidence band for (x) is d(:) -Co/vH. This
I':olmogorov-Smirnov type of confidence band suffers the defect that it has constant



width. One would want the band to be narrower at those values of (p.z) where the
variance of (z) is small. In the context of forming confidence bands for a survival
function in the random censorship model of survival analysis. Nair (1984) proposed
a confidence band with the property that the width of the band at a given point is
proportional to the estimated standard deviation at that point. He called the band
"equal-precision band". A similar idea was proposed by Hjort (19S5b) for estimation

of cumulative hazard rates. We proceed along a similar route.

Theorem 2 Under the regularity conditions stated above, as n -- oz

- d V(P, X)

&C(p, X) o(p, X)

2.2 The Simulated Process Bands

Our procedure for using Theorem 2 to construct confidence bands amounts tc esti-
mating the parameters of the process

V(p, x)
L(p, x) =

7(p,X)

and then generating a process L(p, x) with those estimated parameteis. To describe
it in more detail, note that we may write

L(p,x) = c(p, x),V(a (p((x))) + d(p,x)Z (2.13)

where

c(p z = a( p(z)) (b(p(x)) + exp(-3'x)) (-( (x) + xexp-- x)

and

d(pz; = b( (x)) + , exp(-3x)),1/2 (2.14)

[a( p(z)) + (b( ±w(x))-x exp(-.,3x))'- (b(Tp(x))+- exD(3 ]x))-

Let &'plx) and d(p,z) be the estimates of c(p,x) and d(p,z) obtained by replacing
all the unknowns by their continuous estimates. We generate the process

L(p,Z) = 4P.,X)W(ac()(X))) ± d(p.x)Z (2.13)

where TV(.) is a standard Brownian motion, Z is an independent q-variate standard
,normal variable and (W(.), Z) is independent of all parameter estimates, and cal-
culate Al = supPC[(o).¢)],EE,-JIL(p,x)I. To estimate s.o), the (1 - a)th quantile of
the di:stribution of .l, we repeat the above step independently no times, for some

8



large number no, obtaining lid copies Al, A 2 ...... V, of Ml. and take the empirical

(1 - a: quantile of - 1 . .. as an approximation to s. v). Tis produces the

band

"P (z S (p, X)/\/Th (2.16)

Theorem 3 Under the -!?auiarity conditions stated above, as n - oc

- < S(' for all p [P(O)p(l)] z E } - a

&(P, X) I

Thus the band (2.16) has asymptotic coverage probability 1 - a.

2.3 The Bootstrap Bands

Suppose that the censoring variables can be thought of as being iid from some survival
function Rc, and also independ, it of the survival Limes. If we view the Xj's as fixed
at xi. the Cox model is then specified by the triple (S, O, Rc). Let Rc be the Kaplan-
M'eier estimate of Rc. A natural way to resample (see Hjort (1985a)) is to generate
artificial data as follows.

For each i = 1,. .. . n

I Generate 17 . ,

2 Generate C, -Rc (all observations independent)

3 Form T = min(Y1" , C,) and 67 = I(Y" < C7)

This gives one artificial data set (T', 6', xi), 2 = 1 ..... n from which we calculate
" and "", and we use those to construct the function ;(z) (and also -(x), for the

technical statement of Theorem 4). This is repeated independently a large number
o4 times.

Efron and Tibshirani (1986) also discuss the scheme of bootstrapping by resam-
pling from the triples (T,,,X), i= 1,.,.,n.

Suppose that we wish tu estimate the variability of some estimate, in our case
"P(zl). The first method mentioned is appropriate for estimatinp the conditional
variance of p(x) given the X's. The second method is appropriate for estimating
the unconditional variance of ,(x), i.e. averaging over the marginal distribution of
the covariates and of the censoring variables. If the distribution of the \,'s does not
depend on the unknown parameters S and ,0 then the usual ancillarity arguments
point to the conditional variance as the "right" quantity to estimate. This is our
point of view, and the results below pertain to the first method of resampling.

This situation is closely connected to bootstrapping in linear regression models.
where one can bootstrap by resampling from the pairs (responses. covariates). or one
can bootstrap by resampling from the residuals: see Freedman (19S1). Many of the
comments in the discussion paper Wu (1986) are relevant here.

9



To show that the bands are asymptotically valid we need to show that for large n.
the distribution of V/n( (x)- p(x)) is close to that of v,' (,(x)- (z)). The tech-
nicai statement of this fact involves the notion of "weak convergence in probability".
and is given as Theorem A.1 in the Appendix.

To construct the bands based on the bootstrap, let
W U = suPpE[Op(I)].reK V \/-(z) - P(z)j/&(px). Obtain a large number of copies of
w', say w[,...,wQ and let b be the (1 - a)th quantile of the empirical dist.:ibution
of ; .

Theorem 4 Assume the conditions of Theorem 1. If sampling is carried out via
steps 1,2, and 3, then the band

has asymptotic coverage probabihtyI - a.

Remark: In our simulation studies, we have used the bootstrap estimate of stan-
dard eror instead of &(p, x). That is, before bootstrapping to get the critical con-
stants as described above, the standard error function of the process is estimated
using a separate set of bootstrap samples. This does not require the estimation of
the hazard rate, but is much more computationally intensive.

2.4 Extensions and Special Cases
There are several corollaries and extensions to Theorems 1-4 that could be stated.
Examples include the following.
a The case of p fixed at p0, and Xi,.... X1 fixed while at+l,..., xq vary freeiy. Weak

convergence then takes place in the space Cq_.

b The case of p fixed at p0, and x varying freely through a smooth subset S of the
rectangle K. An example of this arises if the modul is a polynomial regression I i
the scalar v. i.e.

A(tju) A(t) exp(3 1u - 32u2  ... +d dU).

and then S is simply a line through K. Weak crnvergence takes place in the space
of continuous functions defined on S. An example of this is the Stanford Heart
Transplant Data (see Section 5) in which we used a secr'd degree poiynomial.

For the sake c reference we state (Corcilary 2.1 below) our results for the simple but
important case of p fixed at po and of scalar z varying over the set K = I, A721.
The usual assumptions are in force (in particular we assume that A is continuous and
positive on 0. su ,. <Z<. {o(z) - e]). We denote V(po, z) and c(po, z) by i' (Z)
and c'm(x), respectively:;s(po) is the (I -- a)h quantile of the distribution o-
3UPp,,-<ZfI\? iL(p0, x Kand b(")(p 0 ) is the corresponding quantity for the bootstrap
process.

10



Corollary 2.1 Fix p at Po and let the scalar x vary over [I 1 , K 21 . Then az n - c

(iP/l~~)-~x)&~()-. V,.(x)/o,.(x) in C[K1,1C2)

(ii) The bands iS ,o( n)  ()(po )(po, X ) l /'/n

and
p( 4- b1')(po )&(po, x )/v/'

each have asymptotic coverage probability I - a.

3 On Computation of the Bands

In this section we begin by discussing two topics pertaining to the simulated-process
bands-estimating the hazard rate, and forming another type of simulated-process
band by using the asymptotic distribution of log p(x). Then we remark on papers of
Hall on how many bootstrap replicaticns are needed in forming confidence intervals.
Finally we give information on the computers and programs which were used in
carrying out the studies.

The simulated-process equal-precision band is given in (2.16), (2.13), and (2.14),
with formulas for estimates of the parameters of the limiting process given by (2.11)
and (2.12). The kernel estimate of the hazard rate, however, is not fully defined by
(2.12); the kernel function and the bin width must be specified. It is well known
that. w.'hereas the choice of kernel function is not critical, the choice of bin width
is. Silverman (1986) emphasizes in particular that the fixed-width kernel estimator
is defective when applied to long-tailed distributions: "Because the window width
is fixed across the entire sample, there is a tendency for spurious noise to appear
.n the tails of the estimates; if the estimates are smoothed sufficiently to deal with
his. then essential detail in the main part of the distribution is maskcd (Silverman.

19S6. p. 18). In Chapter 5 of his book, he discusses the adaptive kernel method.
which "is based on the common-sense notion that a natural way to deal with long-
,ailed densities is to use a broader kernel in regions of low density" (ibid., p. 100).
Silver-man deals only with density estimates based on iid samples. and in our problem
we need an estimate of the hazard rate from non-lid data; however, his remarks are
pertinent here since in survival analysis, densities very often are long-tailed, and
:n addition, as time goes on, there is less accurate information on the hazard rate
available from the data due to censoring as well as earlier deaths. In a paper primarily
on as:,mDtotics for the kernel estimator of the hazard rate in the random censorship
model of survival analvs; .Ramlau-Hansen (19S3) illustrates the kernel method on a
data set for which he chooses in an ad hoc manner three intervals of the time axis and
.Ifferent bin widths for each interval, such that the bin width increases with time.
in this paper we use the biweight kernel

26, -t t < 1 (3.1)
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We have followed Ramiau-Hansen in allowing bin widths to increase as time increases.
but we need an automatic choice of bin widths for the simulation studies. Noting
Ramiau-Hansen's criteria for uniform consistency of the kernel estimator of the haz-

ard rate, that b, - 0 and nb; - oz as n - oc. the bin widths were taken to be

inversely proportional to n'1 3 . Then with the data from one simulation, a subjective
choice of time intervals and bin widths was made. This choice was used for all the
simulations. This particular procedure by no means leads to an optimal choice of bin
width, but optimality is not our goal here-we want to see how well the simulated-
process band performs with a merely reasonable choice of bin width. Another method
to obtain an automatic choice of bin width would be to modify the algorithm given
by Tanner (1984), which is for estimation of the hazard rate function in the random
censorship model with no covariates. This algorithm applies cross-validation to the
log-likelihood function to select three smoothing parameters.

Preliminary studies indicated that a log transformation greatly improved the cov-
erage probability of the simulated-process band in many cases. For the problem of
forming a confidence band for the cumulative hazard function A(t) in the random
censorship model without covariates. Bie. Borgan. and Liestol (19S4) found that
bands based on transformations of the Nelson-Aalen estimator A(t) had much closer
to nominal coverage probability than bands based on the untransformed .(t), in sev-
eral Monte Carlo studies with exponential and Weibull surVival times and exponential
and uniform censoring times. Kalbfleisch and Prentice (1980, p. 15) mentioned that
parameter transformations do not seem to have been considered for survival analysis
inference problems, although parameter transformations can improve the adequacy
of normal approximations and avoid the problem of impossible values occurring in a
confidence interval or band.

In the present situation, an argument for the log transformation is that it is a
variance-stabilizing transformation in a special case. "When the variance of a univari-
ate observation X is some function of its mean. a variance-stabiiiz:nc transformation
:s a function g such that the variance of g(' does not dcpend on the mean. The log
transformation is variance-stabilizing when tne standard deviation is proportional to
the mean. In the pres2nt situation. consider a single, fixed value of the covariate x.
Call the function g variance-stabilizing at x if the imiting variance of G(c,(Z)) does
not depend on p(x). For fixed x, this limiting variance depends on the covaiate.
lifetime. and censoring distributions, as well as on the Cox model regression param-
eter 3o. To simplifv matters. consider the following particular situation: a single
covariate distributed uniformly on (0.1), and exponential distributions for both the
lifetime and censoring variables. A formula for the limiting variance of c,(x) can
be written down. This formula did not turn out to have a nice form: it involves
integrals which must be evaluated numerically. Following througn to the end of this
argument, the calculations were done for several specific choices of the parameters of
the ex;onential distributions of the lifetime and censorinz variables, in order to plot
the lirniting variance of C(x) as a function of c(, t. In each case. the resuting curve
aDpeared very close to quadratic. suggesting the choice of the iog transformation.
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This argument is by no means decisive: What we actually ,vant is a normaizin
:ransiormation, which is not necessarily the same as a variance-stabiuizing transfor-
mation. but it is not known if such a transformation exists for this nroblem. (Efron
(i9S2) discusses the problem of finding normalizing transformations in the case of a
one-parameter family of distributions.) Our argument merely serves to suggest that
.ve investigate the performance of the log-transformed bands through Monte Carlo
studies.

A standard delta-method argument is used, via Theorem 2 in Section 2, to
form the log-transformed equal-precision band. Let g be a differentiable, monotone
function on [(p(zl), p(X2)]. Then .iJ (g(dp(X)) - g(G(x))) d g'(1,(x))V(p,x) on
C[ P(Zl' E (_ )1 and so the standard deviation function of

v'fg( p(x)) is g'(,p(z))o'(p. x). To get the equal-precision band for g(cp(x)), write

g,(4(-)WP- ) oafp, X)
on C[c (xI), Cp(X2)].

So the 100(1-a)% confidence band for g( p(z))is g(p())±g'( p(z))&(px)s,//n,
where s, is the critical constant for the equal-precision band. For a given monotone
*unction, this band may be converted into a 100(1 - a)% band for p(z). For the log
transformation the band is

The bootstrap resampling scheme and equal-precision band are described in Sec-
tion 2.3. In determining number of bootstrap replications, we noted two papers by
Hall (19S6a.b). In the situation of iid vector observations in which the parameter of
.n:erest is a function of the mean vector, he gives expansions for the probability of

coverage of one-sided bootstrap percentile-t interval. He then uses these results to
show that in the situation he considers, a very small number of bootstrap replications
is adequate to get ve-v close to the true bootstrap coverage probability. that is. the
coverage probability with an infinite number of bootstrap repiica:ions. He actually
shows that for any fixed finite number of bootstrap samples. the worst departure of
actuai coverage probability from nominal coverage probability, over coverage proba-
bilities for a e (0. 11, is less than or equal to the worst departure for an innnite number
of bootstrap replications. He cautions that his result does not mean that one should
use a small number of replications in practice. :or such bootstrao intervals will be

'de z. al' -ho•vider than those derived from a large number or bootstrap repiications. nall's theory
is cuite specialized: His situation does not include estimation o: the parameters in
-'he Cox model. and he does not consider confidence bands. ",Monte Carlo studies
.nxdcated. however, that the coverage probability of our bootstrap bands wnen oniv
-9 bootstrap replications were used was usually surprisingly close to fhe coverage
"robaibility when 1000 bootstrap replications were used. Except for these papers. it
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would not have occurred to us that coverage probability could be so little affected
by taking a very small number of bootstrap replications. Bootstrapping in the Cox
model requires a large amount of CPU time, and using a small number of bootstrap
replications in the debugging stage was an easy way to save time. We mention this in
the hope that using only a small number of bootstrap samples will prove useful in the
early stages of other empirical studies of the bootstrap, even when Hall's conditions
are not met.

No transformation of the bootstrap bands is considered here. Since the simulated-
process bands require fairly substantial computational effort, a natural question was,
"Why not just bootstrap?" A chief virtue of the bootstrap is that it is automatic,
that is, it requires no asymptotic theory to derive, nor any special tricks to make
it work, and here we just want to see how well this automatic, or untransformed.
bootstrap does compared with the simulated-process method.

Computations were carried out using FORTRAN programs compiled with the f77
Unix compiler on the Florida State University Statistics Department network of Sun
computers. The computation of the bootstrap band on a sample of size 80 required
almost 2 minutes of CPU time on a Sparcstation 1; computation of the simulated-
process band required 7 seconds. A study of bootstrap bands for n=80 with 5.000
simulations, split between two Sparcstations, required about 3.5 days to complete.
Programs and subroutines for Cox model fitting were adapted ^or simulation pur-
poses from the programs given in Kalbfleisch and Prentice (1980, Appendix 3). The
algorithm uses the usual Peto approximation for ties. For the simulation studies,
pseudo-random uniformly distributed variables were obtained with a FORTRAN im-
plementation of the "universal random number generator" of Marsaglia and Zaman
(1987). This random number generator combines a lagged-Fibonacci sequence with
a simple arithmetic sequence. It has a period of about 2144 and satisfies stringent
tests of randomness. It was designed so that in all CPU's with at least 16-bit integer
arithmetic, given the same four starting seeds, the same sequence of uniform vari-
ables is produced. Normal and exponential variables are generated by the ziggurat
method of Marsaglia and Tsang (19S4).

Fortran programs to calculate all the bands are available from the authors on
request.

4 Simulation Studies

Here we report results of a Monte Carlo study comparing the three methods of
forming bands, and of Monte Carlo studies comparing the three estimators of p(z)
which were introduced in Section 1.

Table 1 gives a summary of results of a Monte Carlo study of simulated-process
bands with 10,000 simulations, and of another Monte Carlo study of bootstrap bands
with 5.000 simulations. Results for a single simulation situation are given here. Re-
sults for other situations were similar to these. In the situation reported on here.
there is one covariate x which is evenly spaced on the interval [0,1]. The lifetime dis-
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tribution is Exponential(I), and the Cox regression parameter 30 is i. The censoring
distribution is also exponential, with mean set to give the desired degree of censoring.
In these studies, n = SO and the mean of the censoring variable is 2.49. which gives
20% censoring. The number of bootstrap samples to estimate the standard deviation
function of the process is 200; the number of bootstrap samples to obtain the critical
constants is 599.

In this situation, the bootstrap bands have somewhat higher coverage proba-
bility but are much wider than the simulated-process bands. The log-transformed
simulated-process bands have slightly lower coverage probability and are slightly
wider than the standard simulated-process bands. As can be seen from the table,
the simulated-process equal-precision bands did very well. The mean widths appear
large for all the methods. compared to the mean survival time, which ranges from 1.0
to 2.7 for x E [0, 1]. However, these means include the widths at the left and right
extremes of the covariate values, where the bands can be very wide, and therefore
it is helpful to look at the mean critical constants, which for equal-precision bands.
show how much precision is lost by going from confidence interval to confidence band.
For the simulated-process band, the mean critical constants of 2.60 and 2.32 compare
favorably to 1.96 and 1.65 for 95% and 90% confidence intervals.

To better understand the relative merits of the two methods, we felt that it would
be useful to see how they do on the more basic problem of forming confidence intervals
for ,(x). The simulated-process 95% confidence interval for p(x) is just p(x)

c.o25&(p. z)/yiV where c.025 is the .975 quantile of the standard normal distribution.
Two types of bootstrap confidence intervals for p(x) were formed. The first kind was
suggested by the bootstrap confidence band procedure, and we studied it partly as
further investigation into performance of the bootstrap band procedure. First form
many bootstrap samples, and get values (x) - p(x) from each bootstrap sample.

Take the .025 and .975 quantiles of this bootstrap distribution of "(z) - v(z),

cL and coL. The 95% confidence interval for P(x) is then (p(z) - c[,. p(X)- CL).

(Remark: In forming the bootstrap confidence bands, the standard error function
of the process, o(p, z), is estimated before carrying out the bootstrap procedure
for getting critical constants, and so the standard error at a single z is constant
throughout this second stage of bootstrapping. Thus consideration of the bootstrap
distribution of ( (z) - p(z))/&(p,x) yields the same intervals as just described.)
The second kind of bootstrap interval was just the most basic type, the standard
percentile interval. For eleven values of the covariate z, evenly spaced on the interval
10,13. the simulated-process intervals and bootstrap percentile intervals had coverage
probabilities very close to 95%. However, the coverage probabilities of the first kind
of bootstrap interval ranged from 85% to 87% over the 11 z-values. Computation
of average critical constants CL and cu for this type of bootstrap interval showed
that the bootstrap distribution 4(z) - x() was skewed right. Somehow, in spite
of the low coverage probability of the bootstrap individual confidence intervals, the
features of the skewed bootstrap distribution and the taking the sup over a range of
x's combine to give conservative bootstrap bands.
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The main conclusion of these studies is that the simulated-process equal-precision
bands perform surprisingly well, especially considering the moderate sample size used
here. It was not clear to us before the Mlonte Carlo studies that simulation of the
estimated process would be a feasible approach to obtaining critical constants for
confidence bands in general; in addition, the Cox model is quite complicated, and we
didn't know how estimation of the hazard rate would affect the performance of the
bands.

In other Monte Carlo studies not reported here, in which the bin widths for
the kernel estimator of hazard rate were deliberately chosen to be not good, the
simulated-process method often had low coverage probability. The log transformed
bands were then a noticeable improvement, and of course, the bootstrap bands were
not affected. They have been conservative in all our studies.

Table 2 gives the results of several Monte Carlo studies comparing the three
estimators of median survival time. Continuous versions of the estimators are used,
and for these studies the aim is to eliminate the choice of smoothing -Ethd as a
factor in the comparative performance of the estimators. Breslow's piecewise linear
smooth of the cumulative hazard function is used for the first estimator, 1,P(z), and to
correspond to it. piecewise exponential smoothing of the product integral estimator
of the survival function is used for the second and third estimators, # (x) and c(x).
The product integral estimator of the survival function can be negative. When this
occurred in these studies, the estimator of the median of the survival distribution
was found by linear interpolation between the largest death time for which S > .5
and 0.

The six factors determining the simulation situation are the survival distribution,
type of censoring distribution, percent censoring, covariate distribution, sample size.
and value of the Cox regression parameter 30. In these studies, the censoring distri-
bution is always exponential, and the parameter 30 is 1. There are two levels of each
of the other four factors. The two choices of survival distribution are Exponential(l)
and W eibull with shape parameter 2.0 and scale parameter 1.35. The two choices of
percent censoring are 10% and 20%. The x's are fixed in the studies. For one level of
the covariate factor, the covariate is taken evenly spaced on the interval (0,1): for the
other level, the interval is (-1.1). The sample sizes are 20 and 50. The table reports
the mean integrated squared error. By "integrated squared error" is meant average
squared error over the grid of x values considered. The number of simulations in
these studies is 10,000.

The overall conclusions are that the two product integral estimators .(x) and
,(x) outperform the original estimator $ (x) in terms of mean integrated squared

error. and that there is not much difference between ,,(x) and c(z), although on the
whole. i(x) does somewhat better. In some rows of Table 2, cc(x) has much smaller
mean integrated squared error than either $$(x) or "(x), see especially rows 3.7. and

.5. In each of these simulations, the covariate x ranges from -1 to 1: there is less

information on median survival time for the small covariate values, since they tend
to produce large survival times. Also. these simulations had a small sample size of
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20. In this sitiation, there is a nonnegligible probability that for some small values
of x, the estimator will have to be defined by extrapolation beyond the last observed
death time, with potential for large outliers. Therefore, for these three rows, the 5%
trimmed means of the integrated squared errors are also reported in the table. The
product integral estimator c(x) still shows substantial improvement over the other
two estimators. This apparent improvement of { (z) over the other two estimators
here may b,, due merely to the particular choice of smoothing algorithm which was
used; therr:ore, we do not claim that it provides as large an improvement as the
tabled numbers indicate. The empirical evidence from these studies gives support for
the product integral method beyond the theoretical arguments for it.

5 Illustration of the Bands on Real Data

The Stanford Heart Transplant Data have appeared frequently in the statistics lit-
erature. For a thorough analysis and discussion, see the discussion paper of Aitkin,
Laird, and Francis (1983). Here we do not attempt to add any insights on this data
set, but only to illustrate the methods of forming bands on a well-known case. We
use the 19S0 version of the data, as given in Miller and Halpern (1982). We also
follow the Miller and Halpern Cox model analysis of the data, in which the final
model was a quadratic regression of log 0 survival time on the covariate age for the
152 patients with complete records who had survived at least 10 days. Figure 1 shows
the three confidence bands for the median log survival time. The kernel estimate of
the hazard rate, needed by the two types of simulated-process bands, used constant
bin width of .27, and is pictured in Figure 2. The bootstrap bands are almost always
wider than the simulated-process bands over the entire range of the covariate age,
except at the far left, where both types of bands are so wide that the clear message
is that there is no information on survival time distribution for these very young
ages. The bootstrap band is wider than the simulated-process bands in the right
half of the graph, but it is more appealing than the other two bands here because
it is smoother. Its wideness goes along with its performance in the Monte Carlo
studies. The unevenness of the simulated-process bands in the right end of the graph
corresponds to bumps in the hazard rate estimator. The log-transformed bands are
noticeably different from the untransformed equal-precision bands at the left end of
the range of the covariate; otherwise these two bands are similar. To give an idea of
the width of the bands, upper and lower endpoints of the 95% bands and individual
confidence intervals are given in Table 3 at two values of age, 38.5 and 4S.7 years.
Considering the simulated-process equal-precision results only. we see that although
the individual intervals barely overlap, the bands at the two points overlap consid-
erably, so that one can't infer from the band a definite difference in median survival
time for the two ages. Finally. we note that since the band has probability .95 of
containing the true median survival time simultaneously for all x. it allows one to
"snoop" through all the z values looking for interesting significant differences.
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Appendix: Proofs

Theorems 1, 2, 3, and A.1 involve the space Cq+1(R). We would like to prove that
weak convergence takes place in the space Dq,+([O, p(l)] x A) of functions defined on
[0,p ( 1)] x K which are "continuous from above, with limits from below" with the
"Skorohod topology"; see e.g. Neuhaus (1971). However, none of the processes ..),
.C.), and ',(.) need be in this space. To see this, let's look at the case of p fixed and

of scalar x. Consider for example .(.). Recall that

(x) = (( - XP(z)

This is the composition of .- ' (which is right continuous with left limits by construc-
tion) with a decreasing function of x. The result is a left continuous function with
right limits, and is not in D(K).

So we are forced to redefine our processes to make them continuous; we may then
just as well work with the simpler spaces Cq+I and C.

Proof of Theorem 1

Our proof is based on a general result concerning weak Bahadur representations for
quantile processes (Proposition A.1 below) and on AG's weak convergence result for

A/'((.)- A(-), o-/0). We first deal with p(x) and toward the end of the proof we
switch to $ (z). Let

F(tjx) = 1 - 1(l - .(du))e - (4'-), F(tlx) = 1 - -I(i - :(du)) P(3 1)

u<t U<t

and (A.1)

F(t) = 1- f-(i - .(du)). F(t) = 1 - FI(i - ,(du))
U<t U<t

In this notation, we have

_l ( (x - I'-p( -= n k )

Write the identity

,/fi( (X) - (x)) = U.(p, X) + T,(p, X), (A..2)

where

_, P _) V' ~ X(& ) F 1exp( -j'x

and (A.3)

T (px = '( F -(1 P)XP(-4'X)) F 1 -(1
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Throughout this proof. (p, z) ranges over [0, p ci ] x K. Theorems 3.2 and 3.4 of AG
state that in D[0, r + e] x R q, as n -- o

A(t), - (Wr(a(t)) - b(t)'E-1 /Z, -1/2Z), (A.4)

where a(.), b(.), and E are defined by (2.9) and (2.8), and D[O, 7 + e] is the standard
Skorohod space.

Consider first U\(p,x). By (A.4) we have (via (A.1))

Vfl(F~tt) - 03) d ( -t((a(t)) - b(t) /K 1I2Z), 7-1I2Z) (A5

This follows from the easy fact that

sup Iv'n (.(t) - S(t)) - % (exp(-.A(t)) - exp(-A(t)))I P-. 0 (A.6)
0<f<-r+c

(S and S are the survival functions corresponding to A and A. respectively), or
somewhat more elegantly, by the compact differentiability of the product integral
(Gill and Johansen (19S7)): (A.5) follows from (A.4) by the delta method. To deal
with U,(p, x) we will combine (A.5) with the following result.

Proposition A.1 (Doss and Gill, 1989) Let ( be a function defined on [0, 1] that
has a derivative ' which is positive and continuous. Let (", n = 1, 2.... be nonde-
creasing right continuous processes on [0,11 satisfying (n(0) = ((0) a.s. and
%/-(("- 0 d ) K in D[O, 1], where the process K has a.s. continuous saample paths.

Then, for every E > 0

sup 1/- '(t) - 0'(t)) + 0-()) -(A.7)

In particular,

d (-) in D[(O) (1) - d.

We now combine (A.7) of the proposition and (A.3), and obtain that

S,(x)) X) + R)(p, x) +T,(p, ) (A.8)

where

Q~pz)= V (F-F i.1-~eP~/))-( (-~eP3~) (A.9)

and
sup R( )(p.x) ".. 0 (A.10)
p ."
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Let

Q~(, x = v~(t(F' ( - 1 -p~eP(-OX)) -(i (1- )e)Vp(-3, )) (A.11)

\Ve now apply the mean value theorem to the term T,(p, x) in (A.S) and obtain

- ()(P, X) + R(")(p,z) + (A.12)

x, exp(- 3x)) v03 - Oo) + R 2 )(P. X) + X) - Q,(pz)

where (2)

sup R (2 )(p,) ---- 0. (A.13)
P~x

Next, we proceed to show that

n (PX) -n Q(P, X) P-r. A.4

FP (F-1 ( I -(1 - P)exp(-4'x) ))

Using the Skorohod construction we may assume without loss of generality that in
(A.5) the convergence is almost sure in sup norm (since W is continuous). The
continuity of WV(a(.)) implies that if {7} is a sequence such that 7A --- 0 a.s., then

supO<t<,+, IWI(a(t + 77n)) - TV(a(t)) --+ 0 a.s., and this gives the convergence in prob-
ability in (A.14).

Combining (A.12) with (A.10), (A.13), and (A.14) we obtain

Qn(p, X) (x-, exp(-3oz))V4n,P(x) ) - -' () +  A(,() v'-(j - 3o) + n31(p. x) (.1.5)
F, (A(X)(x) )

where

supR$)(p~x) -4 0. (A.16)
p,x

(In the denominator of the first term on the right side cf (A.12), the change resulting
from substituting 30 for '3 is absorbed into R(z3 )(p, x)).

This shows that the finite dimensional distributions of \i (V(x) - p(z)) converge

to those of

_________________________ (x exD(txp(()(b()) )+ A(G(x))

and since -: 1 IV, this means that

the finite dimensional distributions of V'(n(x) - (z))
converge to those of V(p,x). (A. 17)
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We now consider tightness. Let w,,(.) denote the continuity modulus of the func-
tion v. The weak convergence in D to a continuous process of \/n(S - 5) implied by
(A.5) gives the following.

For every e > 0 lim.limsup P{,/s)(5) > 6} = 0.

Therefore, if zl.(-) denotes the continuity modulus of a function defined on the
(q + 1)-dimensional cube, (A.15) and (A.16) give

for every 6 > 0 limlimsupP {tZr( (X)_(()(J) > E} : 0. (A.18)

5-0 n--

We now switch to (x), which is what the theorem actually refers to. Note that
sup , v'n( ,(X) - P(:)) -P'" 0 (by (A.7) of Proposition A.1 for example), and so

(A.17) is still true if we replace p(x) by '(x). Moreover, (A.18) implies that

for every E> 0 lim lir sup P Z-/c(g)() ))(S) > e} = 0. (A.19)

Now, convergence of finite-dimensional distributions together with (A.i9) are enough
to give the desired weak convergence.
Note: We have made use of the fact that the characterization of weak convergence in
Cq+i is the same as the characterization of weak convergence in C given in Billingsley
(1968, pp. 54-55). This is because the characterization of the compact sets given by
the Arzela-Ascoli theorem is the same for the two spaces C and Cq,+.

Proof of Lemma 2.1

Parts (ii) and (iii) are Corollaries 3.5 and 3.3, respectively, of AG. The proof of Part
(i) is very similar (cf. the second part of the proof of Theorem 3.2 of AG). Part (iv)
follows directly from Theorem 1. Part (v) follows from the results of Ramlau-Hansen
(19S3); see in particular his Theorem 4.1.2 and also lines 8-5 from the bottom on
page 460. (Actually. Ramlau-Hansen obtains uniform consistency of kernel estimates
for Aalen's multiplicative intensity model. However, the extension to the Cox model
does not present a serious difficulty.) Part (vi) follows from Parts (i)-(v). The proof
of Part (vii) is straightforward.

Proof of Theorem 2

Theorem 2 follows directly from Theorem 1 and Part (vii) of Lemma 2.1.

Proof of Theorem 3

Let p(0) be fixed. We will first show that as n -- oc

L(p~x) L(px) in C p( x I). (A.20)
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For f E C(Lp(O,p()] x K) we shall denote SUPPE(0)P(I))X.,EK If(P, x) I by Iffl. To obtain

(A.20) assume without loss of generality that L and L are defined on a common
probability space. More precisely, let (Q, 7" P) be the probability space on which the
random vectors (Er, NY,, Ci) i = 1,..., n are defined, let (Q', ",.P') be a probability
space on which W(.) and Z are defined, and consider the product space
(-Q x ', F x F', P x P'). On this probability space we may define (versions of) L and
L by (2.13) and (2.15), respectively. (The same W(.) and Z are used in the definition
of L and L.) Note that IlL - LII --- 0. This follows from the continuity of TV(.) and
Lemma 2.1. This gives (A.20) and therefore that

,ILI, JILIJ (A.21)

Letting L,(p, z) = V/T(.s (z) - p(x))/&(p, x), Theorem 2 implies that

JIL,,I I d i ILIJ (A.22)

By Theorem 1 of Tsirel'son (1975) the distribution of ILIU (and also that of IILIl) is
continuous. Therefore, by (A.21) and (A.22)

sup P{IIL,11 < t} - P{flLIJ _< t) - 0 (A.23)
-00 <t <00

Recalling that s(' ) is a (1 - a)th quantile of (LII, we see that (A.23) implies that
P{(ILIj < 1 - a, and this proves the theorem.
Note: s( ' ) is approximated through a simulation. However, it is easy to see that this
does not cause any problem in the theory.

Proof of Theorem 4

To prove Theorem 4 we shall first prove Theorem A.1, which states that as n - -c.
the distribution of /'(;(x) - p(z)) converges to the limiting distribution of

v/-( p(x) - p(z)). We express this notion of "weak convergence in probability" in
terms of the Prohorov metric d on the space of all probability measures on Cq+.
This metric is defined in Billingsley (1968. pp. 236-23S). The feature of it that we
will use is that it metrizes weak convergence: If kn and y are probability measuresd
on C,-., then d( ,,) -- 0 =* d,-p.

We will use the following notation. If ((p,z) is a process in C,+,, then L(((p,x))
and £(((p, z)(data) denote the distribution of ((p, x) and the conditional distribution
of ((p, x) given the data, respectively. Here, of course, the data is (T,. 6t, \,), i

Theorem A.1 Assume the conditions of Theorem 1. Then

where V(p, x) is the process defined in Theorem 1.
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The proof of Theorem A.1 is similar to that of Theorem 1. Th:e main c,.arnes are
the followinry
1 We use Hjort's (19S5a) result on the consistency of the bootstrap in he Cox m-rodel.

instead of AG's -weak convergence result (A.4).
2 We use a version of Proposition A.1 appropriate for the bootstrap.
3 We use elementary bounds on the size of the larrgest jumpD of the bootstran version

of S
Instead of indicating where changes needl to be made. wve give the entire proof for the
sake of completeness.

Recall that A'and 3' are the same as A and 3 except that they are calculated
:.rm thne bootstrap sample. Define

F~!z =I - pJ(1 - Ad e(Y)and I~t = -f(i - "(du)) iA.23)

We have

%,-(,X) - P(X )) = YTF (- -P- i ( -P

As in, thie proof of Theorem 1. -,,e will use the decomposition

- =) Un,(p!x T7(p! X)! (A.26)

v* re

and A.27)

r P.x X §(11 Pd1 - 1

Th.e proposition of Section 3 of Hjort (19S5a) states that under thle ~cuiolnthat
netr:)ies (T~. (I. X,). 1.2.... are lid.

-.data~ i~ £~'Z as. A

~o te -'int thle quantity to th.. left of the arrow. in (A.2Sl i a funct~on o-- the data.
and L -.e exopression --a.s.- refers to the sequence (T,. (c_ X,). i . .De-;-.e TV.
and 7*v

1V,) (tYE 1 /2 Z and Z* EI/2Z. ~A. 29

Aca: e~ul look at H'ort's proof reveals the follo-wing.
IStatement (A.2S) can be strengthened to

-V3- )(data) S.~ii ~
C. is1-12 from. the bottom on page 5 of Hjort. 19S~al.wih seuvaett

(J . ,. ):data). LI11W. 7!)) 0, - u_ _S.. A.30

Lore (Y Is tine Prohioroy metric on the space of all probalbility tneasures on
7.
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Ifteii assi-nintion is removed. then (A.30) is weakened co

- 0 - 3) Jdata).C (11. z)~ (A.31)

"nic s btained by wvorking wvith subsequences.
Let i-rk) be any subsequence of {n}. To show (A.24) it suffices to show that {
has a further subsequence along wihthe convrrgence statement (A.24) holds a.s.
By -kG's wveak convergence result (A.4) and by 11jort's result (A.31), there exists a
Subsequence of {nk} along wh-iich, with probability one,

IA- j -f 0 3(A. 3 2

and

-( A.3 )jdata), ! (Urt. Z-1)) 0(A3

sup_ Df *, where the set over which thie sup is taken is obtained from context).
I-n Order to obtain the bootstrap analogue of (A.5). we need the followin-g lemma.
We use the notation, _^f(t)j = (t) - f(t-) for any right -continuous function wi-th left
i mit s.

Lemm-a A.1 Under the assumnptions of Theorem 4

I n3 sAflj 0 In bootstrap probab'iity, a.s.

2 ~n-0 in baotstra2 probability, a.s.

Lemma A.1. follows easily from Lemma A.2 below.

Lemi-a A.2 Let XT1,X2-,... be lid from a continuous distribution F,, and let F, be
th e emvirical distribution func zc of X,. . ....V Let X ,.....be an zid .sample
:70m F, and ,ct 17' bf the empirical di'szri'btiton function of X ...... *. Thien

j&'~ 1 -~0 in bootstrap probability, a.s.

Proof. e > 0. We have

p{71 4 FI n 1/4 ) nPnr7( 1 . > "} exp(~-'%')

tbie ias- inequalitv being a consequence of Bernstein's inequality (see. e.g. page 9.5 of
Serfiing.IS9SO).

Consid-er now -exp(,-A). We have

~7(i exp(-X"(t)) G § f(1- i(u)) -x(
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,he i-equaiitv in (A.34) following from LeCam (1960). B- Part 2 of Lemma A.I. the
:ast express ion in (A.34) converges to 0 in bootstrap probability. Combining, we see
that t,-ere exists a set Q0 of probability one, and a subsequence {nk} such that

d ('C (\n(F- j.3 -)data), L (Slrt, Zt)) -0, H -All -0.

and 3 - 3 along {nk} for all data points in Qo. (A.35)

Theorem 2 of Doss and Gill (1989) gives a version of Proposition A.1 that is
appropriate for the bootstrap. Applied to our situation, it implies that there exists
a subset Q1 of QO, also of probability one, and a subsequence {nk,, } (which we will
denote {m)), such that along {m}, for each data point in Qi

V1n 7FF - F') - F(F-1)) -0 (A.36)
'(F- )-

1n bootstrap probability. Therefore, along {m}, for each data point in Q1. analogous
to A.S we have

n( (x)- ()) = Q*(p, )+ R*(p. x) + T,((Ap. )

where

On'(P. - = -V~( (Fi( 1 P)eP(-4'z)))- -( ~X(Y)

and

sup !Rj(p,)I - 0 in bootstrap probability.
p.:

lo deal with the term T (p.z) we need the following fact. If c, is an arbitrary
sequence of positive constants tending to 0 then

sup !(F'(t) -l-'(u)) - Vn(F-1(t) - F'-(u)) I P-. 0 (A.3S)

V.-I .s proved through a standard Skorohod construction argument using the conti-
nuity of the process to which Vn(k-' - F - 1) converges. Therefore. there exists a set
of probability one and a subsequence (which we shall also call {m} and Q1, respec-

-eIv such that (A.3S) holds along {m}, for all data points in Q1. This shows that
can be handled in the same way that T, was handled, and we conclude that along

m. for all data points in P-1 the finite dimensional distributions of xi-(,,-
converze to those of V(p, x).

For the rest of the proof we continue to work with the subsequence {rn} and
IH.ed data point in -Q1. The remaining arguments are essentially identical to those
of Tcorem 1. the only difference being in proving that jY( (x) - ,() - 0 in
bootstrap probability along {m} for all data points in 21. This fact is a consequence
of (A. G) and of Part 2 of Lemma A.1.
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Proof of Theorem 4

Theorem 1 of Tsiret'son (1975) implies that the distribution of HV(.,-)/a(-.)II is
continuous. Therefore,

P{ Kjf P t} (A.39)

uniformly in t. Working with uniformly convergent subsequences, we obtain a similar
statement for the bootstrap analogue of (A.39). This proves the theorem.
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Table 3. 95% bands and intervals in SHT
data, for median survival time in years.

Age (Years) Band Interval
38.5 SP1 (1.6, 9.7) (2.4, 6.7)

SP2 (1.7, 10.2) (2.4, 6.9)
B (1.8, 9.1) (2.3, 5.6)

48.7 SP1 (.5, 4.8) (.8, 2.8)
SP2 (.5, 5.3) (.8, 2.9)
B (.3, 6.4) (.6, 2.2)
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